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Abstract 


In 2013 we introduced a new notion of picture fuzzy sets (PFS), which are direct extensions 
of the fuzzy sets and the intuitonistic fuzzy sets. Then some operations on PFS with some 
properties are considered in [ 9,10 ]. In [15] these sets are considered as standard neutrosophic 
sets. Some basic operators of fuzzy logic as negation, t-norms ,t-conorms for picture fuzzy sets 
firstly are defined and studied in [13,14]. This paper is devoted to some algebraic properties of 
picture fuzzy t-norms and picture fuzzy t-conorms on standard neutrosophic sets. 

Key words: Picture fuzzy sets,, Picture fuzzy t-norms, Picture fuzzy t-conorm , Algebraic 
property 
1. Introduction 


Recently, Bui Cong Cuong and Kreinovich (2013) first defined "picture fuzzy sets" [9,10], which 
are a generalization of the Zadeh’ fuzzy sets [1, 2] and the Antanassov’s intuitionistic fuzzy sets 
[3,4]. This concept is particularly effective in approaching the practical problems in relation to the 
synthesis of ideas, make decisions, such as voting, financial forecasting, estimation of risks in 
business. The new concept are supporting to new algorithms in computational intelligence problems 
[18]. 


In this paper we study some algebraic properties of the picture fuzzy t-norms and the picture 
fuzzy t-conorms on the standard neutrosophic sets , which are basic operators of the neutrosophic 
logics. Some classifications of the representable picture fuzzy t-norms and the representable picture 
fuzzy t-conorms will be presented. 


We first recall some basic notions of the picture fuzzy sets. 


Definition 1.1. [9] A picture fuzzy set A on a universe X is an object of the form 


A={(x,u,@).774(%),V,(0)) [xe X}, 


where [,(X),1,(X),V,(x) are respectively called the degree of positive membership, the degree of 


neutral membership, the degree of negative membership of x in A, and the following conditions are 
satisfied: 


OS 14(%),174(%),V4(x) S1 and wy(x)+794(X)+V4(x) SLVxE X. 
Then, Vxre X: 1—(u,(x)+77,(x)+V,(%)) is called the degree of refusal membership of x in A. 


Consider the set D* = {x ce ae oo = [0,1]°, x, x aS 1}. From now on, we will assume that 


if xeD : , then X,;,X, and x, denote, respectively, the first, the second and the third component of 


X, Le. , X=(%,,X,,%,). 


We havea lattice (D',<,) , where <, defined by 
Vx,yED :(xS, y). <> (% < yx; 2 3) V(% = x; > y3)v ({x, == 5 = y,}), 


x= y => {x, = Y,.X3 = V3,X = yo}. 
We define the first, second and third projection mapping pr, ,then pr, and pr, on D , 


defined as pr(x)=x, and pr,(x)=x, and pr(x)=x,,0n all xeD . 


Note that, iffor x,y¢D° that neither x<, y nor y<,x,then x and y are incomparable 


w.r.t <,,denotedas x y . 
ot 


From now on, we denote uAv=min(u,v),uVvv=max(u,v) forall u,veR’. 
Foreach x,yeD’, we define 


: min(x,y), if x, yorys,x 
inf(x, y) = 


(%, A yY,,1-%, AY, —%3 V V3.4, V Y3), else 


max(x,y), if x<S, yory<,x 


(x, V y,,0,x3 A y3), else 
Proposition 1.2. With these operators (D",<,) is a complete lattice. 


Proof. The units of these lattice are L.= (1,0,0) and 0: = (0,0,1). 


For each nonempty ACD’ , we have 


inf A =(inf pr,A,inf pr,A,inf pr,A) , where 
inf pA =inf {x, €[0,1]/Ax=(%,x,,x,)eA}, , 
inf pr,A= sup |x; € [0, 1]|Ax = (%1,%,%;) € Al, 
Denote B,={x,: (inf pr,A,x,,inf pr,A)€ A}, 


inf B,, if B,#O 
1—inf pr,A-—inf pr,A, else 


inf prA= 

and sup A= (sup p7,A,sup pr,A,sup pr,A), , where 
sup pr,A =sup{x, €[0,1]/Bx=(x,,x,,%,)€ A}, , 
sup pr,A= inf {x;, Ee [0,1] |Ax = (%5%X>.%3) eA}, 


Denote B, = {x, €[0,1]: (sup p7,A, x,,sup pr,A) € A}, 


supB,, if B.4#D 


sup pr, A= 
BY 0, else 


Using this lattice, we easily see that every picture fuzzy set A={(x, 4,(%),77,(%),V,(x)) |x eX} 


corresponds an D —fuzzy set [12] mapping, i.e., we have a mapping 
A:X>D':x > {(x, My (2),774 (0), V4 (2) | eX}. 
2. Picture fuzzy t-norms and picture fuzzy t-conorms 


Now we consider some basic fuzzy operators of the Picture Fuzzy Logics. 


Picture fuzzy negations form an extension of the fuzzy negations [5] and the intuitionistic fuzzy 
negations [4]. They are defined as follows. 


Definition 2.1. A mapping N:D° — D’ satisfying conditions N(O,.)=1,. and 


N(1,.) =0,- and WN is nonincreasing is called a picture fuzzy negation. 


If N(N(x))=x forall xeD" ,then N is called an involutive negation . 


Let x=(x,,x,,x,)€D .The mapping JN, defined by N,(x)=(x,,0,x,) , foreach xeD’, is 


a picture fuzzy negation. 


Denote x, =1—(x, +x, +;). 


The mapping JN, defined by N,(x) =(x;,x,,x,) , foreach xeD’, is an involutive negation 


and is called the picture fuzzy standard negation. 
Some picture fuzzy negations were given and studied in [13, 14]. 
Fuzzy t-norms on [0,1] and fuzzy t-conorms on [0,1] were defined and considered in [5,6]. 


In 2004 , G.Deschrijver et al.[11 ] introduced the notion of intuitionistic fuzzy t-norms and t- 
conorms and investigated under which conditions a similar representation theorem could be 
obtained. 


For further usage, we define L ={x¢ D™ |x, =(0}. 
We can considerthe set L defined by L ={u= (u,,U)|u €[0,1]’,u,+u, <1} . 


Consider the order relation u<v on L , defined by 


u<ve(lu, <v,)AW,2=%;)) , forall uveL . 


We define the first, and second projection mapping pr, and pr, on L , defined as 


pr,(u) =u, and pr(u)=u,,on all we L’. The units of L are 1. = (1,0) and 0. = (0,1). 
Definition 2.2. [12]. An intuitionistic fuzzy t-norm is a commutative, associative, increasing 
(L')° +L mapping T satisfying T(.,u)=u , forall ue i, 

Definition 2.3. [12]. An intuitionistic fuzzy t-conorm is a commutative, associative, increasing 
(L)’ +L mapping S satisfying S(v,0,)=v , forall veL. 


Definition 2.4.[12]. An intuitionistic fuzzy t-norm T is called t-representable iff there exist a 


fuzzy t-norm 1, on [0,1] and a fuzzy t-conorm s, on [0,1] satisfying for all u,veL , 


T(u,v) = (t,(u,,V,), 83(U35V3)) - 


Definition 2.5. [12]. An intuitionistic fuzzy t-conorm S' is called t-representable iff there exist 


a fuzzy t-norm tf, on [0,1] and a fuzzy t-conorm s, on [0,1] satisfying forall u,veLl , 


S(u,V) = (S3(U,5V,).t,(U35¥3)) 
Now we define picture fuzzy t-norms and picture fuzzy t-conorms . It means that we will give 


some classes of conjunction operators and and some classes of disjunction operators ,which are 
basic operators of the neutrosophic logics . 


Picture fuzzy t-norms are direct extensions of the fuzzy t-norms in [2, 5, 6] and of the 
intuitionistic fuzzy t-norms in [4]. 


Let x=(x,,x,,x,;)€D . Denote I(x) ={y ED’: y=(%,¥o%3),0S, y> S x,} : 


Definition 2.6. A mapping T:D'xD'—D "isa picture fuzzy t-norm if the mapping T 
satisfies the following conditions: 


1. T(x,y)=T(Qy,x), Vx,yeD° (commutative), 
2. T(x,T(y,z)) =T(T(x, y),z), Vx,y,.z€D° (associativity) 
3. T(x, y)<,T(x,z), Vx,y,z€D',y<, z (monotonicity) 
4. T(,.,x)€I(x), VxeD" (boundary condition). 
Fisrt we give a special picture fuzzy t-norm on picture fuzzy sets 


For all x,yeD': 


(% A y1- 2, AY, = V 555 V Ys) if xl, B 


Tine (x5) =inf {x, y} = 
min {x, y} , else 

Let 7,:D xD 3D’, T,:D xD 3D 

Definition 2.7.. We say that  T, is weaker than T, if T,(x,y)<,T,(x,y), Vx,y¢D 

then we write 7,<7,, We write T7,<T7,, if 7, <7, and T, #7, 

Proposition 2.8.. For any picture fuzzy t-norm T(x, y)<, T(x, y), Vx,ye¢D 


It means that for any picture fuzzy t-norm we have T <T,, 


Proof. Let T bea picture fuzzy t-norm, we have T(x, y) <, T(x,1 >») <x, Vx,ye D 


and T(x, y)S, TOL Sy, Vaye D 
It implies for any picture fuzzy t-norm T wehave T(x, y)<, T(x,1,-)< inf(x, y),Vx, ye D 
It means T <T 


inf 


Definition 2.9. A picture fuzzy t-norm T is called representable iff there exist two fuzzy t-norms 
t,, t, on [0,1] and a fuzzy t-conorm s, on [0,1] satisfy: 


T(x, y)=(t,(%.91)st2 (695) (x3,3)), Vay eD. 
We give some representable picture fuzzy t-norms, for all x, y¢D': 


1. Tying (x,y) =(min (x, y,),min (2, y,),max(x;, y;)). 


2; To, (x,y) =(min(x,, y,),%,¥2,max (x, y;)). 
Bi Ty; (x,y) = (x,y,.%)2.max (4, y; )). 
4. Ty, (x, Y) =(%1915%52,44 +3 - X33). 
5. rans)=([>™ if xVy,=1 as cee ie aD | 
0 if x,vy,<1 |0 Uf Xe 095 <1 1 if x,y, #0 
6. Tys (x,y \= (max (0, x, + y,-1),max(0, x, + y,—1), min (1, x,+y,)). 
Te Te (ey)s (max (0, x, + y, -1),max(0,x, + y,- 1), x3 + Y3 43). 
8. Fg ( 9) =| ma] (4,4 1-435} 0} ma{ Soy +34 14592) Oba +9595} 
9. Te 9)= (x,y,,max (0, x, + y, -1) pe eC x3) 
10 Toy (x,y) =( (0 5 A a 1) Xy Vo 5X3 +3 x3Y;) 


Definition 2.10. A mapping S:D'xD' —D°' is a picture fuzzy t-conorm if S satisfies all 
folowing conditions: 


1. S(x,y)=S(y,x),Vx%yeD 

2: S(x,S(y,z )=S(S(x,y),z),Vxy,zeD. 
3. S(x,y) <, S(x%,z),Vx,y,zED yS, z. 

4. S(x,0,,)e1(x),vxeD". 


Now we give a new special picture fuzzy t-conorm. For all x,y ¢D 


Ssup (x, y) a sup {X, y} -| 


(~V¥,0%5Ay3), Fx, y 


max {x, y} , else 

Proposition 2.11 . For any picture fuzzy t-conorm S(x,y)2,S,,(%y), Vx ye D 

It means that for any picture fuzzy t-conorm S wehave S25,,, 

Proof. Let S be a picture fuzzy t-conorm, we have S(x,y)2, S(x,0,-)2, x, Vxye D 
and S(x,y)2, S(y,0,.)2,y, Vuye D 

It implies for any S be a picture fuzzy t-norm, S(x,y) 2, S(x,1,-) 2, sup(x, y), Vx, y € D 
Itmeans S2S,,, 


Definition 2.12. A picture fuzzy t-conorm S' is called representable iff there exist two fuzzy t- 
norms ¢,, t, on [0,1] and a fuzzy t-conorm s, on [0,1] satisfy: 


S(x,y) =(s; (x, y,)t, sh, (x;..y3)). Vas y eD. 


Some examples of representable picture fuzzy t-conorms, for all x,y¢€D': 


1s Sa ee x,y) =(max(4,, y,),min(x,, y, ),min(.,, y;)). 
2s a5 (x, y) = (max (x, y;).,,min(x,, y;)). 
3. Sos (x,y) = (max (4, ¥;) 59 2+%5)3). 
4. Sou V7) = (FWA 955s) 
KAY, If Vy, =1 
xVy, f xAy,=0 x,AY; if %Vy;=1 
6. Syl) = 1 . 9X NAN Vo, : : 
if x, Ay, #0 0 if x,V y; <1 


Proposition 2.13. For any representable picture fuzzy t-norm T we have: 
dng (x, y) = Tix y) ie Aes (x, y), Vx,yeD’. 


Proposition 2.14. For any representable picture fuzzy t-conorm S we have: 


Sos (25.9) S S(%Y) S, Sos (GY), Vx, ¥ ED. 
Proposition 2.15. Assume T (u,v) is a t- representable intuitionistic fuzzy t-norm: 
T (u,v) =(t, (u,v). (uts.5)),Ve =(tty.45),¥ =(v,,%5) EL 
where, ¢, is a fuzzy t-norm on [0,1], 5, is a fuzzy t-conorm on [0,1]. Assume ¢, is a t-norm 
on [0,1] satisfies: 0 <1, (x,,y,)+t, (2, y.)+5;(45,y;) S$ 1,.Vx, yD" then: 
T(x, y)=(t (4.94) ote (2, ¥2)085 (24.95) Vy ed" 


is a representable picture fuzzy t-norm. 


Proposition 2.16. Assume S$ (u,v) is a t-representable intuitionistic fuzzy t-conorm: 
S(u,v) =(5; (u,,v,).t, (u;,v;)), Vu =(u,,U;),V =(v,,v,) eL 
where, f¢, is a fuzzy t-norm on [0,1], 5, is a fuzzy t-conorm on [0,1]. Assume t¢, is 
a t-norm on [0,1] satisfies: 0 <1, (x,, y,) +4, (25, 9) )+5; (44,93) $1,Vx, y €D" then: 
S(x,y) =(s5 (25.1) sty (295 Y2) oti (%5.93)), Ve, ED" 
is a representable picture fuzzy t-conorm. 


Now we define some new concepts for the neutrosophic logics. 


Definition 2.17. A picture fuzzy t-norm T is called Achimerdean iff: 
VxeD WO silyeh P(%, | <i 
Definition 2.18. A picture fuzzy t-norm T is called: 
e nilpotent iff: Ix, y<¢D \{0,, \ ,T(x,y)=0,.. 
e strict iff: Vx, y¢D \{0,, . T (x,y) #0... 
With these defitions we have the following proposition: 


Proposition 2.19. Let 
T° = {nilpotent picture fuzzy t-norms}, 


T™ ={strict picturet—norms\, Then T AT” =@ 
Definition 2.20. A picture fuzzy t-conorm S' is called Achimerdean iff: 
VxeD \40 001, }+5'(2,2) Se. 
Definition 2.21. A picture fuzzy t-conorm S' is called: 


e nilpotent iff: 4x, ye D Vil ie S(%y)= dis 


e strict iff: Vx, ye¢D \{1,¢ 0 S(xy)# Ls. 
Proposition 2.22. Let 
S* = {nilpotent picture fuzzy t—conorms}, 


S” ={strict picture t—conorms\, Then S’ AS” = 
Proposition 2.23. Assume T is a representable picture fuzzy t-norm: 
T (x, y) = (1, (x, Y, )oty Ce Vis (x, y3)).Wx, pep 
and ¢,,t,, 8; are Archimedean on [0,1] [5], then 7 is Archimedean. 
Proof. For all xe D* \{0,. alles \ , we have: 


T (x, x) =(4, (x,,%,).t (5,X)),83 (55%) 


Since ¢,,t,, 8, are Archimedean on [0,1] . It follows that tei as 8, (35535) > SO 


T (x,x)<, x. Thus T is Archimedean. 
Proposition 2.24. Assume S is a representable picture fuzzy t-conorm: 

S(x, y) = (s, (x, Y, )oty (x, Vy) st, OG; y3)).Vx, yeD. 
and ¢,,t,, 8; are Archimedean on [0,1], then S is Archimedean. 


3. A classification of representable picture fuzzy t-norms 


We can give a classification of representable picture fuzzy t-norms to subclasses as follows: 
3.1. Strict-strict-strict t-norms subclass, denoted by A,,. 


Definition 3.1. A picture fuzzy t-norm T is called strict-strict-strict iff 


T(x, y)=(t,(%,.9,).t (5.95 85 (x5,93)),.Vx, y eD, 
where ¢,, t, are strict fuzzy t-norms on [0,1] and s, is a strict fuzzy t-conorm on [0,1]. 


Example 3.1. T,(X Y) = (4) 15X22, X3 + V3 — X33) 5 


T(x y) = (5, 
A +(1- Aq + Y= HY) Ay +A Ay )O% + V2 — Xp) 
1 


(x3 + 3 —23¥3)7), A,A,,a €[1, +00), 


3.2.Nipoltent-nipoltent-nipoltent t-norms subclass, denoted by A,,,, : 


nnn 


Definition 3.2. A picture fuzzy t-norm T is called nipoltent-nipoltent-nipoltent iff 

T (x, y) = (1, (es Y, )oty (x, Vy) 593 (x, y3)).Wx, Jp 
where ¢,, ¢t, are nipoltent fuzzy t-norms on [0,1] and s, is a nipoltent fuzzy t-conorm on [0,1]. 
Example 3.2. 


T3(x, y) =v (y+ y, —D,0v (q+ yp —D, 1A 03 + 3), 


T(x, y) = (y+ y, —DU0+4,) -4,%,9,) V 0, (x2 + yp —DU4+ 4) - Ayxyy2) Vv O, 
1 
LAGS + y%)), A,, A, €[0, +0), a = 1, 


1 1 1 
T(x, y) = (Ov (xf + yf -D)4, OV 09 + y3 -D)2 LAGS + $9), ab,c21, 
1 1 
TsO WNC Or ie DVO Gar yal ODay) YO): 
u 
LA(g+y$)9), abe(O,Usc2h 
1 
Res Ors ea) YO) Ces y5 Dene ya) Yo: 
1 
1AGgt+y2)o), ae(0,1,420,b21, 
1 
Tz (x, y) = (Cy + y, ~DU+4)-Axy,) om C7) + yy -1+(a-I1)x, yy) Vv 0), 


1 
IAGg+y2)’), ae(0,1,b21,2 20, 


1 
1 AEs 
Ty(x, 9) = (+ yy “1+ (aD) VO).0V 03 +92 —DP, 
1 
LA(x3+y3)°), ae(0,1],b,c=1, 
1 
a a a 1 
Tio (x y) = (Ov (x + y; aK, ot a Uh aay); 
1 
LA(x3+y5)°), beE(O,a,c21. 
1 
T(x, y) =((4, + y, “DA+4)-Axy,) Vv 0,0vV (xy + yz -D4, 
1 
IAGg+y2)o), 2>0,4a,b21, 
1 
T(x, y) = (Ov (' + yf D4, (x) + yp “D+ 2) - Ax yz) VO, 
1 
LA(x2 + y3)*), 220,a,b21. 


3.3. Nipoltent-nipoltent-strict t-norms subclass, denoted by A,,,, 
Definition 3.3. A picture fuzzy t-norm T is called nipoltent-nipoltent-strict iff 
T (x, y) = (1, (ee y, sts (es Vy) 53 (x, y3)).Wx, Se 
where ¢,, t, are nipoltent fuzzy t-norms on [0,1] and s, is a strict fuzzy t-conorm on [0,1]. 
Examples 3.3 


T3(x, y) = (Ov (q+ y, -D, OV (x + y2 —D), 3 + 3 — 43,3). 
1 1 ; 
Ti4(%, y) = Gm + yy Be a ale Oo) + yp 1+ xy) V0, (x3 + y3 — 23. Y3)*),a 21, 


Ty 5(x, y)=((y, + y, —Dd+4,) - 441 y,) V 0, (a + Yn —DU+ A.) — A, X22) V 9,7 
1 
(x3 + ¥3 —X33)%), AA, €[0, +0), a 21, 
1 1 1 
Tye (x,y) = (OV (xf + y@ -1)4, (5 + 98 -D® V0, (x5 + y$ —x$y9)°), a,b,c21, 


1 
1 os 
T4(x, y) = +y,-l+(a-Dxy,) Vv 0,0V (8 + y2 -1)?, 


1 
GS +y$—a5y9)), ae O,lbc21, 


1 1 
Tig (x, y) a +y, SEMa= Da Vise + yy -14+(b-)xzy,) V0, 


1 
GS ty§-a5yH)) abe Olke2h 


1 
Ti9(X, y) = a + y, -1+(a-Dxy,) Vv 0,((% + y, -IU+b)—bx, yz) v 0, 


1 
(x3 + y3 —x3y3)°), ae(0,1];b20;c21, 
= 1 
Tig DMO Gal dal Maes (a So Ae ia Ya) VO: 


1 
(x5 + y§ —x5y53)°), be(O,l;a,c21, 


1 
Th, (x,y) =((y +9, = bre) ano Os, Oe + y, -1+(b-1)x,y,) Vv 0, 


(x3 + y5 By), a =0;b €(0,1);c=1, 

Ty (x, y) = (4, + y, —DU+4)—-Axy,) V 0,0 Vv (x5 + 5 sie 
(ab + yb aby), A=0,a,b=1, 

Ty3(Xx, Rn re ey eee ee eer 


Geta _byhyy A>0,a,b>1. 
3.4, Strict-nipoltent-strict t-norms subclass, denoted by A,,, 
Definition 3.4. A picture fuzzy t-norm T is called strict -nipoltent-strict iff 
T (x, y) = (1, (a3 y, sts (x, a Ee (x, y3)).Wx, 7eD" 
where f¢, is a strict fuzzy t-norm on [0,1], t, is a nipoltent fuzzy t-norm on [0,1] and s, is a strict 


fuzzy t-conorm on [0,1]. 
Example 3.4. 


Tha (x, Y) = (%11,0 V (% + yp — 1), ¥3 + V3 — 43,3). 


= XY = 1 = 
T,5(x, y) Teese Xe +A,) AyXo Yn) V 0, 


1 
(x3 + y3 —x3y3)7), A 2LA,20,a21, 


XY 
A, +(1-A, (x, +yY —X1y,) 
1 
(ot ye —xby?)’), A,>1a,b>1, 


1 


Typ (X,Y) = ( Ov (x$ + yf -1)4, 


xy 1 
6.) —— es foe os a es eee 3 v0, 
97 ( y) t= Gea = 27 Yo ( )Xz >) 
1 
(x3 + y§$—x3y3)), A, bz1Lae (OI. 


3.5. Nipoltent-strict-strict t-norms subclass, denoted by A,,,, 
Definition 3.5. A picture fuzzy t-norm T is called nipoltent-strict-strict iff 
T (x, y) = (1, (ie Y,)oty (36; a (a; y3)).Wx, ye D’, 
where f, is a nipoltent fuzzy t-norm on [0,1], t, is a strict fuzzy t-norm on [0,1] and s, is 


a strict fuzzy t-conorm on [0,1]. 
Example 3.5. 


Tyg (x, y) = Ov (4 + y, —D, %2.92,43 + V3 — 43,3), 
1 Xyy 
Tya(x, y= C+ 9, -14+@-Dx, y,) Vv 0; —_—_—_—_—_2 ——_—_, 
79 ( y) ci yy ( xy) I50-=DG ee 
1 
Qs ty3—23y3)®), ae(O,1sb,AzL 
1 
a a e Xo 
Tyg (x, y) = (OV (xt + y? -1)4, ———2 2 ___ 
BO EE Eee ean a ys) 
1 
(x3 + 3-23 y3)"), ab,AZL 
XV 
Ty, (x, y) = (Cy, + y, D+ 4) - 4.4, ———__ 2 
31 ity, eG Ga 


1 
(x3 + y3 —x33)2), aA, 214,€(0,11. 


Proposition 3.6. There doesn’t exist t-representable picture fuzzy t-norm T : 
T (x, y) =(t, (an Y)aty (5595) 53 ee y3)),Wx,y eD, 
where f, or ¢, is a strict fuzzy t-norm on [0,1], and s, is a nipoltent fuzzy t-conorm on [0,1]. 


Proof. Assume T(x, y)=(t,(%.¥:)+t (4. ¥2)+53 (24, 93)).Vx, yy €D", with f, is a strict t-norm and 
exist x,,y, €(0,1) such that S,(x,,y,)=1. Let x,x, #0|x,+x,+x, <1 y,,y, 40|y,+y,+y; <1 


and since ¢, is strict t-norm then: 14, (ais y,) >0. 
Let x= (esa 25,)s v= (y,, V5 Y3)s we have a contradition: 1, (xs y, +t, (a Vy) +5, (eo y3) >I. 
Similarly, if ¢, is strict t-norm and 5s, is nipoltent t-conorm then we have a contraddition. 


Ng AX 


Proposition 3.7. If T belongs to one of four classes A A.,, then T is strict. 


sss 9 nns 9 sns 9 n 


Proof. Assume for all x,y¢D', S, is a strict fuzzy t-conorm on [0,1], 7 is representable picture 


fuzzy t-norm: T (x,y) =(t,(%,9,)+4 (2. 92).5;(2.y5)) and T is nipoltent. 


Then ax, ye D"\{0,.},7 (x,y) =0,,, and it implies 1,(x,,y,)=0, t,(%,y,)=0, s,(%,y;)=1. 


Since s, is a strict fuzzy t-conorm on [0,1],then x, =1 or y, =1, which is a contradition. 


Proposition 3.8. If T belongs to the class A,,,, then T is a nipoltent picture fuzzy t-norm. 


Proof. Assume TéA,,,,,Vx,y €D° :T (x, y)=(t,(%,91).t (2. Y2) +53 (435 9s)) 


Since f¢,,t, are nipoltent fuzzy t-norms on [0,1], we have 


AX, YX. Vs |t,(%,y,)=0,4,(%),y¥.)=0. Since ¢,,t, are not decreasing, so: 


Vx} Sx. 9) $5 S45, y5 Sy, |, (x,y) =0, 4, (x5, y5) =0. Since s is a nipoltent fuzzy t-conorm 
on [0,1] so: Sx,, y, #1], (4, y;)=1. Let x=(21,25,2,), y=(yi,y5, 3) D>. Then: 
T (x,y) =(t, (a1, 91) st (25, 95). 55 (45, 9;))=0,,.. 7 is a nipoltent picture fuzzy t-norm. 


4. A classification of representable picture fuzzy t-conorms 
Similar to the section 3, we can give some subclasses of represntable picture fuzzy 


t-conorms as follows: 


4.1. Strict-strict-strict t-conorms subclass, denoted by V 
Definition 4.1. A picture fuzzy t-conorm S is called strict-strict-strict 1ff 
S(%, y) a (s, (x, Y, )oty (x, Vy) st, (x;, y3)).Vx, ye D.. 
where ¢,, t, are strict fuzzy t-norms on [0,1] and 5, is a strict fuzzy t-conorm on [0,1]. 
Example 4.1. 


S; (x, y) of (x +y AY X2V2-¥3Ys)> 
1 


a a aa a aoe 
Ses nA a aa ey 
1 t (1- A) + Y2 — X22 
*3,Y3 ), A, Ay,a €[1, +0). 


Ay + (1— A, (x3 + V3 — X33) 


4.2.Nipoltent-nipoltent-nipoltent t-conorms subclass, denoted by V,,,, : 
Definition 4.2. A picture fuzzy t-conorm S' is called nipoltent-nipoltent-nipoltent iff 
S(x, y) = (s, (x, Y,)oty (x, Vy) st, (x;, y3)),Vx, ye D.. 
where 1¢,, ¢, are nipoltent fuzzy t-norms on [0,1] and s, is a nipoltent fuzzy t-conorm 
on [0,1]. 
Example 4.2. 


S3(x, y) =(1A (+1), OV Oy +2 —D), OV (x3 +3 -D), 
S4(x, y) =A Ge + oF, (x) + yp DU +4,)- Aran) V0, 
((43 +93 -D0+4))—Ayxyy3) V0), Ay, Ay €[0,+00),a 21, 
S5(x,y) = (A (af ey" OvG yf _py?, 

Ov (xf + y8 Ayes a,b,c>1, 


1 
a a a 1 
S6 (x,y) =A Gy + y; AG Va ate Oey) V0), 
Cee ees Cee Ty? a=1;b,c €(0,]], 
Cc 


1 
a a oy 1 
S7(x%, y)=AA Gy + yi a a —1+(6-1)x)y2)v 0), 


((x3 + y3 —D0+/4)—Ax3y3) V0), azlbe(0,1],2 20, 
1 

Sg(x, y) = (LA Ge! + yf) 4, (Cy + ¥2 “DA +4) -Amy2) v9, 

C65 + 93-14 @=Dayy3) VO), a=1,be(0,1],4=0, 
- 1 

See TAGE eS Gary Oa 0), 


1 
Ov(xs+ys—-l*), be(0,l],a,c21, 
1 1 
Sio(x, y) = (LA (xf + yf) 4,0V 09 +3 -D?, 


Cbs + y3-1+(c-1)x3y3)V0)), c€(0,1],a,b 21, 
Cc 


I 
Si y) =A Og + yy) (ey + ¥2 —DA4 A) - Ary yn) vO, 


1 
Ovixety?—-1’), 2>0,a,b>1, 
4 I 
Si y) = CAC! + 7), 0v 0g +3 -D?, 
((x3 + y3 —-D0+4)—Ax3y3) V0), A20,a,b21. 
4.3.Strict-nipoltent-nipoltent t-conorms subclass, denoted by V 


smn 


Definition 4.3. A picture fuzzy t-conorm Sis called strict-nipoltent-nipoltent iff 

Sy, y) = (s, (x, Y,)sts (x, Yo) st, (x;, y3)).Vx, yeD. 
where 1¢,, ¢, are nipoltent fuzzy t-norms on [0,1] and s, is a strict fuzzy t-conorm on [0,1]. 
Examples 4.3. 


Si3(% y) = (+ yy — HY, OV Cy + yp —D, OV G3 + 3 -D), 


1 
Sig(%y) = (xy + yf —x/y)*, sty 1+xXyyz) Vv 0, 


1 
mace + y3—-1+x3y3)V0), al, 


1 
Si5(x, y) = (aq +y — x V7 (xy + yy —)U+4,)-Axyz) VO, 
((x3 + y3 — D0 +A,)-2,x393) V0), AA, €[0,+00),a 21, 
1 1 
Sig y) = (Ct + yf — xf 9f)°, OV OS +8 -D4,0VOR+y-D*), a,b,c21, 
1 
Si7(% y) = (Cy + yf — a yf), a(% +92 1+(b-I)x,yz)v 0, 
I 
Ov(x3+y3-)°), be(O,1];4,c21, 
1 
Sig(x, y) =(ay + yf —xyf)?, =(%)+y2-146- I)x,y.) V0, 


aes + y3—1+(c-1)x3y3)V0), b,c €(O,1];a21, 
C 


1 
Sig(x, y= (ay + yf — xy)? a6 + Y= 1+(b-])x yz) v0, 


ee ee a2=1,be(0,1J;c 20, 
1 1 
Soo (x) = (at + yf —af y1)2,.03 +92 -D? vO, 
2G tye ee VO): cEe(0,1J;a,b=1, 
° 1 
Sox, y) = (Ot + yf — af yf) (Cg + 9 DA +b) — bx 2) VO, 
Ha +5 -1H(E=Dx5y3)VO), a>1;b>0;c € (0, 1], 


1 
Soo (x,y) = (Oy + yf = APY) (OQ + Yn —YA+ A) — Arya) Vv 0, 


1 
Ovixg+ys—D’), 220,a,b>1, 
1 
Sosy) = (Gr + yf x1 91) 4.0v Cg + ¥2 -D?, 
4.4. Strict-nipoltent-strict t-conorms subclass, denoted by V 


Sns 


Definition 4.4. A picture fuzzy t-conorm S 1s called strict-nipoltent-strict 1ff 


S(x, y) = (s, (x, Y, ots (x, Yo) st, (x;, y3)),Vx, yeD. 
where f¢, is a strict fuzzy t-norm on [0,1], ¢, is a nipoltent fuzzy t-norm on [0,1] and s, 


is a strict fuzzy t-conorm on [0,1]. 


Example 4.4. 


So4(% Y) = (+ ¥, — XY, OV (X% + V2 —D, 13,93), 
1 
Sy5 (x,y) = (Cay + yf — x 1) 4 (+ Yy —DU +4) -A,%2 92) VO, 


ae ae 
oe 
1 1 


Sog(%, ¥) = (Cat + yf — af yf)4, OV (9 +93 -D?, 
X3,.Y3 


—__73%3 i) 4s ta,b21, 
A, + (1-4 )(%3 + ¥3 - X33) 


1 
a a a.a\y 1 
S57 (Xv) = (Xp + XY, Mg at Yas VOT) YN 
X33 
Ay + (1= A, (3 + 3 — X33) 


4.5.Strict-strict-nipoltent t-conorms subclass, denoted by V 


), aA, >1be(0,1. 


Definition 4.5. A picture fuzzy t-conorm S 1s called strict-strict-nipoltent iff 
S(x, y) = (s, (x, Y,)oty eer Yo) st, (x;, y;)).Vx, ye D. 
where f, is a nipoltent fuzzy t-norm on [0,1], ¢,1s a strict fuzzy t-norm on [0,1] and s, is a strict 
fuzzy t-conorm on [0,1]. 
Example4.5. 
Sog (X,Y) = (4 + Y —HY> %V2, OV (3 + 3 —D), 


1 


a a a.a\q x 
Soo (x,y) = (Cy + yy — xy yy) 2¥2 


A+ (L-A)(%y + Vy — Hy)” 


oe + y;-1+(b-1)x3y3)V0), a,Azbbe (0,1), 


1 


a a a. a\q XY 
Sao(x. y) = (Cay + yf —a7'y1!) a 


A+ (L-A)(Xy + Vp —XYn)’ 
1 
Ovixg+ys—-*), a,b,Az1, 
1 


a a a..da\q X7y 
Syi(x, y) = (Cot + yf — xt yf) _ 


A+ AN + Yp— Xo) 
Proposition 4.6. There doesn’t exist representable picture fuzzy t-conorm S : 


S(x,y) =(3; (a5 Y)oty (3595 )0h (x5,3)), Vay eD. 


where ¢, or ¢, is strict fuzzy t-norm on [0,1] and s, is a nipoltent fuzzy t-conorm on [0,1]. 


V V V... then S' is strict. 


sns 9 ssn 


Proposition 4.7. If S belongs to one of four classes V 


sss 9 snn 9 


Proposition 4.8. If S belongs to the class V ,,, then S' is nipoltent. 


nnn 
5. Conclusion 


t-norms and t-conorms are basic operators of the fuzzy logics [5,6]. Picture fuzzy t-norms and 
picture fuzzy t-conorms firstly defined and studied in 2015 [13]. In this paper we give some 
algebraic properties of the picture fuzzy t-norms and the picture fuzzy t-conrms on standard 
neutrsophic sets , including some classifications of the class of representable picture fuzzy t-norms 
and and of the class of representable picture fuzzy t-conorms. Another important operators of 
picture fuzzy logics should be considered in the future papers. 
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